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Preface

The purpose of this document is to server as a sort of logbook in which I put
down all the interesting math and assorted trivia I encounter while occasionally
dabbling in computer graphics. Thus, the contents are not in any meaning-
ful sense of the word exhaustive or suitable as an introductionary text. Only
rasterization techniques and related topics (such as interpolation or procedural
geometry/textures) are discussed.

I hope that others will find this information not only useful, but will be
compelled to extend the contents of this little "book". Because, in order to
really understand any subject matter one not only has to absorb the knowledge
of other people, but rather think it through and try to explain it to others. This
could be the start of a beautiful project ...

Thomas Strathmann (December 2008)
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Chapter 1

Models and Geometry

1.1 Coordinate Systems

In 3D graphics all scenes usually live in the three dimensional vector space R?,
i.e. coordinates are assumed to be real numbers. In practise however these
coordinates are only approximations of real numbers with finite precision (e..g.
float or double data types).

All vectors v € R? can be expressed as linear combinations of a finite collec-
tion of basis vectors. This set is usually (for convenience) an orthonormal basis
which means that all basis vectors have length 1 (unit length) and the vectors
are pairwise orthogonal.

The most important aspect of coordinate systems for computer graphics
is how we interpret these basis vectors: Which of the basis vectors points up,
down, right, and so on? That is, we have to decide how to relate a mathematical
vector v = (0 2 1) to a point in the space we see with our eyes. There are
two (classes of) conventions, the left-handed and the right-handed coordinate
system depicted in figure 1.1. In addition to fixing the correspondence between
components of a vector and physical dimensions the drawings give the direction
of rotation around the axis. In left-handed coordinate systems a positive value
rotates clockwise (CW) whereas in right-handed coordinate systems a positive
angle means a counter-clockwise (CCW) rotation.

z z
T Y
Y T
(a) Left-handed orienta- (b) Right-handed orien-
tion tation

Figure 1.1: Coordinate system conventions
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1.1.1 OpenGL

In OpenGL the y-axis points upwards and the z-axis points towards the right.
The most peculiar part of the convention is that the positive z-axis points to-
wards the viewer, i.e. the z-component of any vector becomes negative as it
moves farther away from the camera.

Y

Figure 1.2: OpenGL texture coordinates

Texture coordinates are another matter as figure 1.1.1 depicts.

(0,1) (1,1)

(0,0) (1,0)

Figure 1.3: OpenGL 2D texture coordinates

Thus, to draw a textured Quad in the zy-plane the following OpenGL code
may be used. Note, that the winding convention for front facing polygons
mandates that the vertices be drawn in counter-clockwise order.

glBegin (GL_QUADS)

glNormal3i(0, 0, 1);

glTexCoord2i (0, 0); glVertex3i(—1, —1, 0);
glTexCoord2i(1, 0); glVertex3i(1l, —1, 0);
glTexCoord2i (1, 1); glVertex3i(1l, 1, 0);

glTexCoord2i (0, 1); glVertex3i(—1, 1, 0);
glEnd ();

1.1.2 Homogeneous Matrices

Linear transformations in n dimensions can be described by a n X n matrix,
but affine transformations can only be described by n + 1 x n + 1 matrices. We
use so-called homogeneous 4 x 4 matrices to describe affine and other kinds of
transformations in 3D space. Such a Matrix can be understood as transforming
one coordinate system A into another coordinate system B. This matrix is then
denoted ATs and consists of a linear part (the rotational component) and an
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affine part (the translation component).

1 Y1 2 1

A T2 Y2 22 P2
B =
r3 Ys 23 P3
O 0 0 1

The upper left 3 x 3 submatrix is the linear part of the transformations. Its
constituent column vectors x, y, and z are the three basis vectors of the system
B. Thus, they need to be linearly independent (or pairwise orthogonal). The
remaining column vector p is exactly the affine portion of the matrix. The last
row is invariantly the same for physically motivated transformations.

Inverting a Homogeneous Matrix

The inverse of a 4 x 4 homogenous matrix 475 is given by

x1 x9 x3 —(P,T)

A -1 _B 1Yy Y2 Y3 —<I7ay>

(ATp)™ =" Ty = 5 o oz (P2 (1.1.1)
0 0 0 1

provided that the upper left 3 x 3 matrix is orthogonal. A matrix M is called
orthogonal iff its column vectors are pairwise orthonormal, i.e. each column
vector has norm 1 in addition to being orthogonal to all other column vectors.

1.1.3 Orientation

The orientation of an object is determined by the linear component of the trans-
formation matrix from inertial space to the world space (GL_MODELVIEWMATRIX).
A number of different approaches beside transformation matrices exist to de-
scribe the orientation of an object.

Rotation Matrices

1 0 0
R, =10 cos(a) —sin(w) (1.1.2)
0 sin(a) cos(a)

cos(o) 0 sin(w)
R, = 0o 1 0 (1.1.3)
—sin(a) 0 cos(a)

cos(a) —sin(a) 0
R, = | sin(a) cos(a) O (1.1.4)
0 0 1
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Euler Angles
e Definition, different conventions and names
e Converting to homogenous matrices and back

e Problem of gimbal lock (yields motiviation for use of quaternions)

Quaternions

1.2 Calculating Normals

1.2.1 Calculating Normals for Triangles

Given a triangle consisting of three vertices vy, va, v3 oriented in counter-clockwise
fashion the surface normal of the triangle mesh is

(vg —v1) X (v3 —v1)

N = o o) x (0 — 0]

(1.2.1)

The normal at a vertex v in the triangulated mesh is then calculated by averaging
the surface normals of the k triangles that share that vertex:

k
N, ! YN (1.2.2)

= k
H Zi:l Nz” i=1

Instead of using formula (1.2.1) for the computation of the surface normals, one
could use the following formula instead

N = (1}2 — ’Ul) X (U3 — ’01) (123)

which takes into account the area of the involved triangles.

1.2.2 Calculating Normals for Subdivision Surfaces

\e.g. a grid of QUADS or a TRIANGLE STRIP \

for (int z=0; z<sizez —2; z++) {
for (int x=0; x<sizex —2; x++) {

float tx = (float)x/sizex;

float tz = (float)z/sizez;

float dx = 1.0/sizex;

float dz = 1.0/sizez;

glTexCoord2f(tx, tz);

glNormal3f (height [z][x+1] — height[z][x],
1.0,
height [z+1][x] — height[z]|[x]);

glVertex3f(tx, height|[z]|[x], tz);
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glTexCoord2f (tx+dx, tz);
glNormal3f(height [z][x+2] — height[z]|[x+1],
1.0,
height [z+1][x+1] — height[z][x+1]);
glVertex3f (tx+dx, height[z]|[x+1], tz);

glTexCoord2f (tx+dx, tz+dz);
glNormal3f (height [z+1]|[x+2] — height[z+1][x+1],
1.0,
height [z+2][x+1] — height[z+1]|[x+1]);
glVertex3f (tx+dx, height[z+1][x+1], tz+dz);

glTexCoord2f (tx, tz+dz);
glNormal3f (height [z+1]|[x+1] — height|[z+1][x],
1.0,
height [z+2][x] — height[z+1][x]);
glVertex3f(tx, height|[z+1][x]|, tzt+dz);

1.2.3 Calculating Normals for Analytical Curves

Given a differentiable parametric curve p : R — R? with

calculate the Frenet frame as follows

T
(% & %)

Vtangent = P oy os T (124)
(5 3¢ %) |
02t 02t 02t
Unormal = VUtangent X T (125)
I (L 2y L) I
02t 02t 02t
Ubinormal = Utangent X Unormal (126)

These three vectors form an orthonormal basis which is aligned to p at time
t. The problem of odd behaviour at inflection points of p (where p'(t) = 0
and p”(t) = 0) can be mitigated by calculating the normal vector as the cross
product of the tangent with a vector which is guaranteed to never be parallel
to the normal vector as follows:

Unormal = Utangent X (0 1 O)T (127)

In the numerical case the tangent vector vigngent can be approximated from
two computed points p; and py by using either the forward, backward, or central
difference method using the equation

P2 —p1

_ 1.2.8
T2 — ol (1.28)

Vtangent =
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Let 6 be the step size of the approximation and ¢ the current time. Then p; and

po are given by

p1 =p(t) p2=p(t+906) forforward diffence, (1.2.9)
p1=pt—10) p2=p(t) forbackward diffence, (1.2.10)

) p2=p(t+ g) for central diffence. (1.2.11)
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Interpolation

2.1 Linear Interpolation

Given two points pg and p; and an index t linear interpolation between py and
p1 is accomplished by the formula

(I—1t)-po+t-p1 (2.1.1)

2.1.1 Bilinear Interpolation

Often one needs to calculate the value of a function f of two variables on a two
dimensional grid. The most commonly used procedure to achieve this is called
bilinear interpolation. It is used to interpolate 2D textures, for instance. Let
the values of f at four points wich form a rectangular region in which the point
p = (z, y) lies be known as qoo = (2o, Yo); go1 = (o, Y1), q10 = (=1, Yo),
q11 = (x1, y1). First, we interpolate in the z direction:

f((z, yo)) = ;j:;’;f(qm) + ;:xxoof(qlo) (2.1.2)
(@, y) =~ ;11_—;10((;01) + ;1_—xxoof(q11) (2.1.3)

Then, we interpolate in the y direction by using the previously computed values:
y1r—y Y —Yo

fp)=f(z, y) = f((z, o)) + f((z, y1)) (2.1.4)
Y1 — Yo Y1 — Yo

Combining the two steps into one yields the following complete formula for the
bilinear estimate of f(z, y):

N f(qoo)
[z, y) =~ @1 =20 (1 _yo)(fvl z) (1 —y) +
f(fho)
(z1—20)(¥1 — ¥o)
f(qo1)
(r1 —20) (Y1 — Yo
f(q1)

(1 —20)(y1 — Yo

(x —20)(y1 —y) +

)(331 —z)(y —yo) +

)(x*xo)(yfyo) (2.1.5)
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2.2 Cosine Interpolation

A variation on linear interpolation is cosine interpolation where the index ¢ in
formula 2.1.1 is substituted by ¢'.

yo— %(1 — cos(rt)) (2.2.1)

2.3 Catmull-Rom Splines

Catmull-Rom splines are a special case of cubic splines, thus requiring four
points for interpolation. Given four points po,...,ps wherep; and ps are the
points we want to interpolate between and pg, p3 are additional points, Catmull-
Rom interpolation takes an index ¢ and is computed as follows:

1
5(22?1 + (=po + p2)t + (2po — 5p1 + 4p2 — p3)t?
+(=po + 3p1 — 3p2 + p3)t®) (2.3.1)

Originally conceived to interpolate camera motion from a set of key points
Catmull-Rom splines yield extremely pleasing results provided that the first
and second derivative of the curve defined by the keypoints are bounded.

2.4 Smooth Step

The smooth step function is useful in blending two values a and b given an index
variable x:
0 forx < a
smoothstep(a, b, z) := { 1 , forz > b (2.4.1)
(”g‘“) “(3—23=%) otherwise
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IIlumination

3.1 Attenuation

3.1.1 Point Light

The intensity Ip of a point light source P at distance d from its position is given
by

1

Ip=—————
F h+hd+@ﬁcp

(3.1.1)

where Cp is the color of the light source and k., k;, and k, are the constant,
linear, and qudaratic attenuation factors respectively.

3.1.2 Spot Light

The intensity Is of a spot light source S at distance d from its position is given
by

max(<7Ra L>a 0)p

Jo =
57 ke + kyd o+ kgd?

(3.1.2)

where Cg is the color of the light, k., k;, and k, are as before, R is the direction
in which the spot is pointing, and L is the unit vectzor between the point under
consideration and the light source (cf. section 3.2).

3.1.3 Directional Light

Assumed to be infinitely far away so as to have light rays which are perfectly
parallel, the intensity of the light emitted by a directional light source is con-
stant.

3.2 Phong Shading

The Phong lighting equation is due to Bui Tuong Phong, who published in 1973
as part of his Ph.D. thesis. The color of every pixel (fragment) Iy is given by

9
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the equation
Ip=1,+1;+ 1 (3.2.1)

where [, is a four-dimensional RGBA vector which denotes the ambient term,
I; denotes the diffuse term, and I the specular term.
The ambient term is defined as

Io= (A1 Ap) + (Ay - Ay) (3.2.2)

where A; is the ambient color of the light source, A,, the ambient color of the
material, and A, the scene color (gl_FrontLightModelProduct.sceneColor in
GLSL).

The diffuse component of the lighting equation is given by the Lambertian
reflection term weighted by the diffuse color of light source D; and material D,,

Id = Dl . Dm . max((N, L>, 0) (323)

where N denotes the normal vector of the pixel. The vector L is the normalized
vector between the position of the light source and the pixel under consideration.
Given the vertex position v in eye coordinates (i.e. the vertex multiplied by the
ModelView matrix) and the light source position [ it is defined as follows:

l—v
L= (3.2.4)
11— vl
The specular term I is calculated by the equation
m " : Y if (N,L
I = Sm - S -max((R, V),0) if (N, .>>O (3.2.5)
0 otherwise

where S, and S; again denote the specular color of the material and light source
respectively. R is the reflected light vector given by

R=2-(N,L)-N-L (3.2.6)

which is equal to reflect (L, N) in GLSL. V is the view vector given by

—v

V=-—

T (3.2.7)

where v again is the current vertex in eye coordinates. Finally, f denotes the
specular factor (shininess). Alternatively the specular component can be ex-
pressed in a more computationally efficient manner as follows:

L {Sm - Sy - max((N, H),0) if (N,L) >0 (3.2.8)

0 otherwise

where the halfway vector H between the direction to light vector L and the
viewer vector V is given by

L+V

7
IZ+ V]|

(3.2.9)



Appendix A

Notation

(v1,v9) — Dot (inner) product of vectors vy and vy

v1 X vg — Cross product of vy and vy

|v]] — magnitude (length) of vector v

(x) — expectation value (avergage) of =

e VI — component-wise derivatives of Z, i.e. for an n-dimensional vector &

7— (2% .. . 0%
Vx_(aﬂﬁ an>

11
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